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APPLICATION OF BAILEY’S
PAIR TO ¢-IDENTITIES
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Abstract : Bailey’s (1949) lemma has been a very useful tool to establish g-series identities. Various
mathematicians have exploited this result to arrive at Rogers-Ramanujan as well as g-series identities. Slater
(1952) was one of the pionner workers who establish more than a hundred identities. Andrews {1970, 1984, 1987
and 2005) has given a very valuable account of its applications, using certain pairs of sequences, called Bailey's
Pairs. In this paper we shall use some of known Bailey's pairs to establish certain interesting g-series identities
of special nature.

1. Introduction. For |¢| < 1 and a, real or complex, let
[as gl = (1 — a)(1 — agq) )(1—ag? (1 —eg™ 1) (1.1)

when n > 1 and [o;¢lo = 1.

Also,
o0
loiglse = [[ (1 - ag™)
n=0
and
[0130'2* e aar;q]n = [(112(1]11[@2'.9171 vt [u'r'; Q]n- (12)

Now, we define a basic hypergeometric function,

1,02, Gy} q,,, Z [Cii as ar q] N )m(n 1)/2 a3
by ba, - £ [Q bi by, - - 1bs»q]n

convergent for |z| < oc when A > 0 and for |z| < 1 when A = 0.

Basic hypergeometric functions play fundamental role in g-series identities leading to
partition theory and combinatorial identities. The most important ones are the Rogers-
Ramanujan’s identities. For further details one refer to Slater (1952), Carlitz (1959), Andrews
(1970, 1984 and 1987), Garrett (2006), Garrett, Ismail and Stanton (1999).
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With the help of Bailey’s pairs we have evaluated certain interesting g¢-identities. Bailey

(1949) gave the following very useful transformation.

If

n [=<]
ﬂn = E Qrlin—rUnsr and Tn = E 6'r'+nurvr+2n

r=0 r=0

then, under suitable convergence conditions,

oo o0
Z AnMn = Z Bnbn,
n=0 n=0

where a., 3, u, and v, are functions of r alone.

Again, let a, be a sequence of complex numbers and

n a
=3 :
r=0

— [g: gln—rlog; @lnyr’

then the sequences {a,} and {3,} are said to form a Bailey’s pair that satisfies (2.1.6).

shall use certain Bailey’'s pairs to establish some g¢-series identities of special nature.
2. Results used. We shall make use of the following Bailey’s pairs (say) an, and 3,;

- _ (1—ag®)[a;gla(-)ngnn- /2
0 o= (1 -a)lg;gln

8. =1 when n=02ad B, =0iFns 0

, n=0

(1.5)

(1.6)

We

(2.1)

(2.2)

(cf. Stanton [1989; page 2])

1; n=>0
(ii) ap =
(_)n(znqn{n—l)/z i z—lqn{n+1)/2); n>1.

8, = [z,4/2; q)n

for n > 0.
(4; 9)2n

(2.3)

(2.4)

(cf. Berndt [1994; 23.4, p.159])
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1; n=~0
(—=)"(1 - ag®*)(aq; gln-1a"¢" 3"~ V/2/[g;qln; n2>1.
1
and -Bﬂ — W (2-6)
(cf. Verma [1980; (i) p.771])
1 b _ b; q] anqnz
=1, ap=(1-a¢* l2g; gn—1[b: qln ‘ - =
(iv) Qg 1, a ( aq ) [q;q]n[aq/b; Q}nb" n>1 (2.7)
—aattl/h.
and .811 = [ Ll /b‘ Q]n (28)

l4%: ¢*|n[~aq; gl2n[ag/bsgls
(cf. Verma [1980; (iii) p.772])

—a\*(1 — ag® . iy n(3n—1)/2
(v) OPOY PR . i L. [E_“;]‘Q]" i for n> 1 (2.9)
L] n

and B, = [qs;qs[]iq[ﬁ];:’;; S forn20 (2.10)
(cf. Verma [1980; (iv) p.772])
3. Main Results. In this section we shall establish our results.
If we take
= [p1: P21 a]r(ag/p1p2)”

in (2.1) together with
1 1

Up = ——; Vp = —;
" lwds’ 7 [agig)s

then

1 e e dlrenlag/prog) T
Tn = Z . 2n+1.
lag; ql2n q: q]+[ag®+1; q],

r=0

_ lp1,p2:qlnlag/p1p2)" P19, p2q™; ¢; aq/ p1p2 11
- — 201 2a2nH] (3.1)
1 n q

Now, evaluating 2¢; on the right side of (3.1), we get from (1.4) that if

fmd;

q Q]n r[a‘?a Q]n+r
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then

oC

> lprs paialnlag/prp2)" B = o2/ 143 g Gl
e lag, ag/p1p2i qls

Z [p1. p2:dln(ag/p1p2)" On
GQ/PI,GQ/Pz Q]n

(3.3)

The sequences {a,} and {3}, given by (3.3) are known as Bailey’s pair, which leads to a

large number of Rogers-Ramanujan type of identities. It was Bailey who pointed out that if

the following summation

a.b;q;c/ab [eq/a.q/b; @l ab(l+4¢) —cla+b)
201 = X
cg [eq. cq/abloo ab—c

is involved instead of Gauss’ theorem, then (1.4), (1.5) and (3.1) along with

8rlp1, pasgle(a/prpa)’

will lead to the following:

If

Z

g2 qln— r[ﬂq fi]n+r

then

3 [ag/p1; ag/p2; q]
Z[pl’p2"Q]n(a/p1p2)"ﬂn _ 04/p1; 89/ P25 QJc
n=0 lag. aq/p1p2: 4o

o9 X An 2ny _ o0
XZ[P!sﬂ2~Q]n(a/P1P2) pip2(1+ag”™) —ag (p1+p2)] — an.

n=0 [GQ/‘)OI' GQ/Pz;q]n pPip2 —a

which will reduces to Rogers-Ramanujan type of identities of a different nature.

Motivated by the above observation, we attempt to investigate these identities.

If we make use of (2.1) and (2.2) in (3.6) we get

i [p1. p2; lnla/prp2)” [p1p2(1 + ag®™) — aq™(p1 + Pz)l
lag/p1.aq/p2iqln (p1p2 —a)

27:) n{n—1)/2

(=)"[aigln(1 —ag™)g _ lag,aq/prpaigloc
(1-a)la;dln lag/p1,aq/ph: dlee

(3.4)
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As py,p2 — oo in (3.7), we get

b q.'}n(N-*l)/'lan(l _ (12(}4“)(41)”[(2,; q}'
(1—a)lg:q]n

L = lag; gl (3.8)

n=0

Letting a — 1 and after separating the term corresponding to n = 0 in {3.8), we get
o0
s Z(i)nq.infnvl)/Z(l o qZH)(l +qn) — [q?([]o(. (39)

n=1

If we set a — —1 in (3.8), we get

o0 (1:511;11—1)/2(1 qm) (]}n 1

; = [~4;9)oc (3.10)
n=0 iq’q]”
Further, for @ = ¢ in (3.8), we get
) x
Z(i}ﬂqn(dn—lwz _ q2 Z( )fiq11[311+r)/2 [q q] (311)
n=0 n=0

Further, making use of (2.3) and (2.4) in (3.6), we get, by replacing a by 1.

i [p1. p2. 2.0/ 2 ) (p1p2) ™" la/prya/p2: Q]oo {Z (1y p2: gln(=p1o2) ™"

o [¢: g)2n " 9.9/p102 e [¢/p1.9/ P2 aln

n=1

y {PIPZ(]- + q‘zn) _ qﬂ(pl + PQ) } {znqn(n—l)/2 o z*nqu(ﬂi»l]/2}
Py~ L

2o — (1 + P2)
pp2—1

(3.12)

As p; and p; — oo in (3.12), after some simplification, we get

Z [z,q/2; dlng

n=0 [q q an

n{n—1)

o0

_ 1 { Z ( )n = 3” (n— 1]/2 Z n_"ri.q'n. 3n+1)/2} (313)

(%4l |, M
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Now, evaluating the bilateral series on the right hand side of (3.13) with the help of Jacobi’s
triple product identity. it yields

[2,9/2i4] VR T T S
f:) [q (I]2n B [4:9) {["’q /27 o +[ e }oo} (3.14)

n(u— 1)

Now, if we put z = —1 in (3.14), we get

Z[ 1—q911q

Now, invoking (2.5), (2.6} in (3.6) yields

n(n—1) [q L q ]oo

[¢: 9o

(2% % + [-9.—¢* ¢°J } - (3.15)

Z [P1. p2; q)n (a/mpz _ lag/p1,a9/p2i ) {p:pz(l +a)—a(p1 + pz)}
[0 ln lag,aq/p1p2; 4] pLp2 —a

Z [p1, p2: qlnla/p1p2)" {mpz(l + ag®™) — aq™(p1 + Pz)}
“—  laq/p1,aq/p2:qln pLp2 —a

_1\n 2:1 n n{3n—1)/2
o (=11 ~ ag™)[ag; glna™q ‘ (3.16)
(1,@ )¢ gln
If p; and pz — oo in (3.16), and a is replaced by ¢, then
el qn 1 e
7)11 n(6n—1)/2 1— dn+2 . 3.17
Z[q T [q;q]w?;( q (1-¢**?) (3.17)
Since
Z 1
B o Q]n " (6 ¢¥loleh ¥
we get, from (3.17)
s <]
Z(_)nqn(5n+1)/2(1 _ q411+2) - {q‘2.q3;q5‘q5]m- (318)

If p1, po — o0 in (3.16), and a is replaced by 1, we get

o0 qn(n—l}

_ - o0 n n(5n 3)/2(1+qn)(1+q2n)}
,; [9: qln [qq { 2.()

n=1

= { Z (=) n(an 3)/2 Z i non 1)/2}‘

n=-—0oQ n=-—0oc
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which reduces to
n(n—1) 1 1

Zq 2 3. 45 + 4 45 )
— [q:q)n TP 06 Pl

(3.19)

The above identity can also be obtained with the help of the two celebrated Rogers-
Ramanaujan identities. It may be noted that (3.19} is a special case of a result due to Cariltz
[1959], with k = 1.

Invoking (2.7), (2.8) and (3.6), we get

Z [P1,P2 glnla/p1p2)"[—aqg™*! /b; qln _ lag/p1,aq/p2; @)

— @?|nl—aqiglanlag/bigl [ag,aq/p1p2; gloc

o | 2121+ a) — alpy + p2) Z [P1, p2:glnla/py + p2)™
p1p2 —a = lag/p1.ag/paigln

p1p2(1 + ag®®) — ag™(p1 + p2) (1 = ag**)[aq; gln—1[b: glna™q™
x (3.20)
pip2 —a UE q]n[aq/b: qlnbm

As py, po — o0, (3.20) yields

o n(n 1) n —aq”“/b Q]n
Z q q2 [_aq q 211[GQ/b q

n=0
oe a2ngn2n-1)(q 2ny(1 — 27:
_ Lbad q (1+ag™)(1 — ag™")[ag; gln[bi g]n (3.21)
[ag: ) £ (1 —agq”)(q.aq/b;q].b"
Now, taking a =1 in (3.21). we get,
i"‘: n(n—l)[ qn+l/b q]n
= la* @Plal—a1ql2nla/bs )
1 oo qn(gn_l)(l +q2n}(1 +q”)[b'q]n
= — |24 - . (3.22)
[q; qlm [ n=1 [Q/b: Q}ﬂbn

The saine can be written as

Z’ 11(11—1)[ qn+1/b;q]n
(4% ¢%Jn [~ lanla/bi gl

ne0

1 o ny2n—npp. > ny . 2nf4n(.
[2+Z (1+q")g [b; +3 (14+q")g Ib’Q]nJ

" @9l [q/b; g]nb" [q/b: g]nb"

n=1 n=1
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1 + qn (IZH -n [b q]H o (]. - qn.)qmt“‘fn [b’ q]n
2+ +
(I1 fI]oo [ Z /b Q b Z [’I/bl (1]11()”

n=1

_ 1 i T
g dles { 2 g/ b qlnb" }

n=—0o

As b — oo, the above relation yields,

n(n 1) 1 fo'e]
n n(dn—3)/2 i n n(m 1)/ 323)
Z[q P eI P P {g( e Z } (

n=>0

Jacobi’s triple product identity is employed to obtain,

n.(ﬂ 1) 1 1

o0
= , 4 —_— (3.24)
g [2:¢%nl~aidlan  [® 6% Pl [0,0% 0%
Finally, using (2.9) and (2.10) in (3.6), we get
o<
z [p1. p2;s dlnla/p1p2)" [ag; g)sn
=0 [q Q‘ adq (]3]2,.
_ lag/p1,0q/pridloc | prp2(1+a) —alpr + )
lag. aq/p1p2: gl p1p2—a
i [p1. pai aln(a/ pr1pa)™ {mpz(l +ag™) — ag"(p1 + p2) }
—  lag/p1.aq/p2iqln p1p2 —a
_ ..11 : n(3n-1)/2
X( ) (1 Uq [GLQ'{A"(I (325)
[q:g)u(1 — ag”)

Now, letting p1, p2 — oc in (3.25), we get

anqn(n— ”[ﬂf[; qh“
4%, 3*lnl0*q®: ¢*)an

1 oa (_)7102”(111(511—3]/2(1 .2 4;1 [aq q]“
=——{(1 3.26
lag; 4] {( o)+ 2, - (- aq”)[q:q]n Pz

n=0

n=1
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and letting a — 1 in the above, we get after some simplification,

gt 1 [q (I]Sn _ 1 94 i(),;(1+qn)(1+q2n)qn(5n—3)/2]
b [qsdﬁ}u % [g14]oc A
_ 1 = n, n(5n—3)/2 % n n(bn—1)/2
= T n;x{f) q +”=§_:Ix(g) q }
1 1

= s .
[eid®lee 102 0i0%s

Thus, following identity appeals
o<
> *
n=0

Following g-series identity results on comparing (3.19), (3.24) and (3.27) we get the following
interesting g-series identity

n(n—l)[q; Q3Irt{q2;q3}?l s - .

. = - 4 _
[23; ¢%]2n 09265 (2% 6% ¢%)

(3.27)

oo n(n——l) Bo n[ufl)

Z B i " Vg ¢¥ale? ¢ In (3.28)

o [q d o letidlel-adn 2 [¢%: ¢%]2n

It may not be out of place to mention that many more results of the type evaluated in
this paper can be evaluated by invoking other known Bailey’s pairs. Presumably the results
obtained in this paper can be given combinatorial interpretation.
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