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A pstract :

Iy this paper, making use of Bailey’s Lemma and certain known summation for-
qnulae an attempt will be made to establish transformations involving terminating
hasic hypergeometric series. We shall deduce the transformations involving ter-
minating and truncated series from our results.
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1. INTRODUCTION, NOTATION AND DEFINITION :

Throughout this paper we shall adopt the following notation and defintion;

For any numbers a and g, real or complex and | q [< 1,let

gl =lodn = 4 n=0

Accordingly, we have

AISH.
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(1.1)
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ap,a, ..,.ﬂ-ril?ln - [ﬂliQ]n[ﬂ?QQIﬂ'“[ﬂr}q}ﬂ- (1.2}
We define a basic hypergeometric series,
) OO : n An(n+1)/2
[araea..angz | _ (@y,a2,...,ar;qIn2"q (zl<1). (L3
s ! bi*b:' ..--bj:qA ] == [q., bl, b?,...,bS;Q]n
We. also. define a truncated series, |

" . N

n
A2, ..y Ary Q]nz 4

An(n+1)/2

G],832;...38r;q; 2 Z aj
rC’s ) —

BB = J N n=0

Andrews [1] established the Bailey’s Lemma in the following form,

If.

n

[qrblr b21 w3 bs:Q]n

g =% - s
2 [ag; qln+r

—0 q. Q}n—r

then

N

5 p1, p2;

qln(ag/p1p2)"an

?

n=0 aq/p1,aq/p2;q|n(q; 9| N-nlag; q|N+n

N 1
- Z ﬁl:pQ:QIn[HQ/plp??QJJ\'—H(QQ/PIPQ)HBH
— 4:q

IN-nlag/p1,aq/pa;q|N

(Andrews [1 ;( 2.3) and (2.4), p.270))

?

We shall need the tollowing known results in our analysis

2| @ qva,—q\/a,q~™; q; —q“%+m

(1.4(a))

(1.4(b))
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o [{IQ*I —q : i “?]m . [ﬂq, —q ; : r;],.,,
N 2[\/(HQ)' f}lm[—Q\/ﬂr; Q]Tﬂ-—l 2['_\/({1“-?); Q]m[Q\/{l& Q]Tn—l 1

(1.9)

Verma and Jain [2 ;( 4-1)19-761)

| 4,9v/a,q"™ q; —q™
3(;52 I \/{1, aqm+l

_ (1++Va)lag, —1;qlm (1 — \/a)lag; —1;g}m (1.6)
2laq; ¢%|m | 2[Va,—qva;qlm

(Verma and Jain [2 ;( 4.2), p.76))

201 | a’;:zlq;_qﬁm ‘
(1+ Va)lag,~v@gm  (1-va)ag, ~V&ialm (1.7)
~ 2[-v/aq,9v/a;q)m 2[v/aq, —qv/a; q|m

(Verma and Jain [2 ;( 4.3), p.76])

l..*_m |

" a,qv/a, -9V, 4 " 4 — 9
4(,253 m+1
i \/a-_. —-\/fl, a'q

|

—q"2:q)m lag, —¢"%;qIm 1.8
ag,—¢" 23] — ¢a;q1m_1}’ (1.8)

(Verma and Jain 2 ;( 4.5), p.77))

B
L)
e
»
Ql
3
=
|
E=
I

Scanned by TapScanner



Nidhj Sahnij

IGQ‘I EI;QJTH (19)

201

1+ va [aq,—v/q;q)m

[V(@), ~av/a; g}
(Verma and Jain (2 ;( 4.6), p.77))

-

].—\/CE [Gq,—\/(];Q’]m (110)

2y/a [—v/aq,q9/a;q|m

2va [Vag,~gv/a;q)m
(Verma and Jain |2 ;( 4.7), p.77])

2.Transformations involving terminating series :

In this section we shall establish our main transformations. We shall
also deduce certain transformations involving truncated series from our results.

If in (1.4a)we set

(1++va)—q~

B

1

8=

qln  (1-+/a)[—q"2;q]

n

Adn =

¢ q)n L 2¢/a[\/aq, —/a;

(2.9)

}

n .

gln  2v/a|—+/aq,/a;q]

n

then, with the above values of a, and the resulting value of 3, in (1.4(b)), we

get

aq/p1,aq/p2; g N
lag, aq/p1p2; 9N

1+ va)
2 /a

(1 - +/a)

695

—
—

493

493

-

2\/a

Again, with

3 -
a, Q\/a': _Q\/a': P1, P2, q_Ni q, *aqi_l_N/Pl P2
va, —v/a,aq/p1,aq/p2,aq"+!

B |

' p1,p2,-907 2,4V g;q
| V(aq), —va, p1p2g7" Ja

ey
P1, P2, —q 2,q N;q,q
_\/(H’Q)a \/a:ﬂIPZQ_N/G &
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(On

t,II'*(I" : l}f!‘”“ q \/”.; q!r,ﬂr

fl'r - — ——

e Vasqlr
n tl-4l“n'“'“ ge!
= e - a,qva,q " g —2q"
P [Q1aq;q1n3¢’2 - Va, ag™t! (2.11)

Now, taking 2 = q in (2.11) and summing the 3¢, with the help of
(1.9) and substituting the resulting value of 8, and the above value of an, we get

P

a, Q\/a’: y P1, P2, qu; q, “aq2+N/P1P2 ?
- \a,aq/p1,aq/p2,agV

aq/p1,aq9/p2; QN 5
lag,aq/p1p2;qIN

P4

q

_(+va) o [eue-Lage
2-\/{1. L \/(G‘Q)a_\/(aq)a pP1P29 /('1 3

(1-+va) , [ p,p2-1,a7 V05
MR ’ 212
2\/‘:I - i \/a“? ——q\/a, plPQQ_N/a I ( )
Further, if we set
qr(r—l)/2[a; q]rzr
O =
' [QEQ]T
in (1.4(a)) ,we get
1 Ca,q7 "¢ —2q" |
B = T 201 ag+! (2.13)
) b n L -

Putting z = ¢*/2 in (2.13) and using (1.10),to sum the 2¢; ,we get,

ﬁn_

! (1+ a)lag,—vVaqln (1= Va)lag, —vq; 4l }
[Q: aq; Q]n { 2\/65[—\/&(1, Q\/a; an 2\/0*[\/'1(]: —(I\/ﬂ*l Q]n.
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Substituting the above values of oy, and /4, in (LM(I:))I We pet

N

[”q/pl1(](1/{}2;q]NdeH : PI:P‘Z:“:‘?L ;q;;ﬂ';?g‘* N/ﬂlﬂaz i
lag, aq/p1p2; 9N aq/pr,aq/p2,aq™t

_ 1 + \/am? j P1,P2,“\/¢LQ"N;Q;Q
2/a | —/(aq),qv/a,p1p2q~ " /a '

1—J64¢3 1,02,V qq 2]
2y/a - V(aq),—qv/a,prp2q" /a | 4

If we replace a by a/q in (1.4(a)) and (1.4(b)), we get the tollowing
form ot Bailey’s Lemma:

A

If.for n> 0,

s

Bn = Z = (2.15)

—~ |¢; Qln—r[G; G]n+r
r=0

then,

N
Z [Plaﬁ_ﬂ;QJn(ﬂ/le)”an
0 [a/pl ) a/pz; Q]H[q; QJN—H[G;Q]N+TL

n—

N .

e, p2salnla/ prp2; gIn—n(a/pip2)™ B,

=3 [ (2.16)
ol q;q

'qIN_nla/p1,a/p2;qN

We shall use the above two results, (2.15) and (2.16) to establish
certain transformations involving terminating series.
[f we set |

qr(p_l)/Q[a‘q\/ﬁj} '"'Q\/Hlf{];-:r
[Q, \/(l, o \/ﬂ., : ff‘r'

(}_’T. —

in (2.15), we get

Scanned by TapScanner



ain transformations involving basic hypergeometric

On cert series

l i — -
’[';” el 4()‘)3 ﬂa}fl¢ﬂ,, —-q\/u_, q Tl;q; __szfl.

[q!ﬂ*;q]n I \/{1,*—\/[1, aq™

09

(2.17)

[ y ke F 2y o -i :
Now, taking z = ¢~ 2 in the above and summing the 4¢3 with the help

of the following known summation due to Verma and Jain[2;(4.15),p.80],

i 1

by | @IV —gva, g™ g —g ™
" '\/(1,-—\/(1, aqm
- !
[a} Q\/L’l, —g 2, Q]m [ﬂ‘: _QN/a': _qh% ) Q]m

" 2[Va,v(09), ~v/a;qlm  A—v/a, —v/(aq), Va; olm

we get

g, = lava, g %5qln | [~av/a,~q *;q}n }
2[@; Q]n [\/CI, \/(aq):_\/a;q]ﬂ | [—\/a,—\/(aq), \/(IQQ]H,

Substituting the above values of oy, and 8, in (2.16),we get

jana/pIPQ;QJN I a/plra/pZ:\/a:-\/aaan

r | N )
= ey Q'\/aa_q 2.01,09:9 " 0:4
| Va,—va,+/(aq), p1p29" " Ja

i -3 -
feda | TIVEH TR P02 TG
| Va,—va,—+/(aq),p1p2¢ " /a _

Next, if we put

. qr(r—l)/2[a?q\/a;q]?‘zr
'-"' [Q: \/(l._. Q}T‘

n (2'15) ,We get

Q:G/PI:Q/P2EQ]N6¢5 - a,q\/a,-—q\/a, Plapzaq_NEQ; "-fqu_%/Plpz -
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60) Nidh; Sahy,
]
f | / a,qva,q" " —2q"
n lq, a.q|n e Vi, aq"
I'utting | in the nbove and summing the 3¢, with the he|
ollowing result due to Verma and Jain |2 ;( 4.16), p.80), P Of the
| % ”’,q\/”,q m; _qrn. )
192 - Va, aq™ ]
o e -Lavaigm  [a,—1iglm
2(va,q\/(aq), —/(aq);qlm = 2[\/a, —/a: q)m
we et
o= ; 1 { lgva, —1;q], e }
% aln L[V, /ag, - \/ag;q] * [Va,—/a;q],
Now, substituting the above values of o, and G, in (2.16), we oet

Zfﬂ/ﬂhﬂ/pz;f}‘JNﬁm a,qva, p1, 02,4 ; ¢, —aq™ /p1py
[a,a/p1p2; N Va,a/p1,a/pa,aq

r q\/ﬂ, P1,P2,, _lnthi q;q
- Va,V/(aq), —/(ag), p1pag*= /a

-

= 54

-

P pl:pZJ}_luq“N'Q'q
+4¢3 - &
5 \/a,—\/(a),plpqu"N/a

Further, setting

T2
q"?[a; ql,

Oip. =
4 q)»

in (2.15) and making use of yet
(4.17),p.80],namely,

F

Mo o Mt )
2¢l :L} ?n 4 —q ’ - [ﬂi __\’/fff_(&’ [ﬂ.,_, o \/QI (f]m
| GG ol \ /
\/(”'q)“ —\Q; QJrn

o QIFH \/(”rf)r ‘s,f’f”;"]]!rn 2

4

(2.19)

another known result due to Verma and Jain 2
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ertain transformations involving basic hypergeometric series
L -. t

g L { Vel : ___l=vqialn
.:'lli: f-”l‘l l\_,’J”‘ — \;"(””); f1|" I—- \/”‘ \/(”ﬁ)ll f”” }

Substituting the above values of a,, and On in (2.16),we get

'1

2la/p1,a/p2;q|N b a4, 01,02, N g —agV 2 /pypo
lfl-ﬂz’ﬂlﬂu:q];\' ! ﬂ/PI,G/PQ:an

iba | P1PE Va0 g
" Va,—v/(aq), p1p2¢' N /a |

oL VO Vg ]

+4¢: -
493 - —Va,/(aq),p1p2q' " /a |

Now.if we replace a by ag in (1.4(a)) and (1.4(b)),we get:

If forn >0,

n o
'Bﬂ - ; [q, q1n.—*r‘[a'q2; Q]n-i—r

then

- [PlaP:Z}(]]n(leQ/PIPZ)”ﬁf;
[aqz/ﬂl ) HQE/P?.; Q]ﬂ[‘h Q]N—*ﬂ[aq ) Q]N-Ha
0

' 2 RO
N oy, p; alnlag?/prp2; IN-n (04 [p1p2)" Pn
2 45 al v _nlag?/pr,aq®/ P2 dIN

=0

Now if we put

g l_),/ jz_l,’f*ﬂ._\/{’-?i’.l!'f
Qp = "_ﬂﬂulq, \/u.;ql,.

61

(2.20)

||||||
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(4.8),p.79],

2 2
3672 \/”' ”qrrll

IH' f”r” { '_,’Iq\/”w o l ! QJ"""*‘I lq‘ qlf”’ | [(L‘ q]TH,—le.—- 1‘ quu,-'}- | lqﬂ rl]l’n.
;.‘.;\/H[({, — \/(”Q)a \/ﬂ, \/ﬂq, qJﬂ1+1 2'\/‘]’[\/“’1 o \/”‘1 q, ql:rn,-i- ]

‘o calculate the value of On and then substitute this value of /3, and the above

value of a5, in(2.22),we get

ag*/p1,09°/p2; dN [ a, Qx/a,zrhol,pg,q‘N ;%;Qaqgm /p1p2
ag?,aq?/p1p2|N ' Va,aq’/p1,a9°/p2,aq

- (1 — Q\/a’)(l + \/&) t;Es F P1,P2,9, — 4, q2\/a:q'NEQ5q
B 2\/61(1 = Q) o ’ PIPQQHN_I/G=Q2:QN/G:Q\/(G‘IL HQ\/(QQ) i

" p1,P2,0,—4, 4G g
p1p2g Ve, ¢, —q/a,qv/a

(1 - agq)
2v/a(1—q))

Further, if we put

(2.23)

504

¢" *[a,qv/a, —a, gl
[QJ \/a: o \/{1; Q]r

in (2.21) and use the following known summation due to Verma and Jain [2;(4.9),p-78],

Olp =

1 iy
'm—l—2

\ba " a,qv/a,—q\/a,qg™; q; —q
a \/{1, _\/a':aq2+m

1
-2-

[a; QJm-f-?[Q\/a: =g Q]m—}—l {q; Q]m
2\/0'[‘?1 \/(1, —-\/G,, \/(Q’Q)]m-l-l

e —

o

[a; QJmﬂ-Q[_‘Q’\/G, g 4 Q}HH-l [Q; Q]m
2v/ag, va, —v/a, —/(aq)lme; o

o
o
N =
o —
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On ¢ 63
valuation of On,we get, af | i
or the evaluation ol / €L, alter proper substitution for a,, and 3, in (2.22)
2/p1,aq° /P2 N i _
_qu /p12 : / _ ll 6P5 91,2{)2,{1,(};/{1, —qva,q N;Q;*GQ%JFN/sz 1
[ﬂ-q ,{Lq /plp.hq N _ aq /,01, aq /p21 \/a-_.'_\/ﬂ._, aq2+N
1 + ga A 2 Lo '
MQQ))( Q\/ )quf) pl‘#p?u—N?-l\/G, -;q21q}q qu’q
= 2\/(61(1)(1 - V4q) L P1P29 /a,q :qx/ﬂr,—q\/a,q\/(aq) _

Q;J(af;))(l tava) . Plapi’:;q?l\/ﬂa -42,4,47V; g3
~2/(aq)(1 = V) L P1p2q” " [, 4%, qv/a, —q\/a, —qv/(aq) _

(2.25)

Finally, if we set

r(r+2)/’2[a; q]r

VR

q

Oy =

in (2:21) and use the following known summation due to Verma and Jain
9;(4.11),p.79],namely,

1 =
4 — I’H+_-'
a,q " q;—q 3
291 24m
- aq

@: glms2l~ V@ Qm+1[g: @m _ [0i@lm v2l= V@i @lm+119: 4lm
= 5 alg. Ja—Va@)idlme1  2vala, ~va V(aa)idlm

to evaluate 3,, we get

(1 - a)(1 - ag)(1 + Va)lg, ~¢*/%; 4}y

= sar Va1 - 9 + Vian)lava & —a (ki

n [q f}]” y
— ]Q]n -
Ll—a)(lpﬂfI)(l*‘\/q){Q} q - }
2va(1 — /(ag))(1 + va)l = q)lgv/(ag), —qva, 47 dr

lues of an and (3n 1N

(2.22). we get
Substituting the above
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: -y 9 , - _ h’r . __(‘L(IE‘*-N/[)II)Z
nq" ‘71.{](1‘:.’}‘_}: \ 6} /)l!f)z‘l(l‘l(l !(1? 1

J ) "9 4 ' 4973 y) ) ) ac

aq=.aq“/ M P2 49N | aq /pl,aq /ﬂZ: {

-N —q 3/2. (] q 1
l—-ﬂl(l—-(lq 1*\/‘? | P1,P2:9 ...qu B -
~ 27a(1 - q)(1 + V(ag))(1 - \/a):’(b'fl gV e ave —av(04) |

_ . _N |
(1 —a)(1 —-aq)(1++/4q) Pl pz,q 1’

~ ~5P4 =N~ —qJo,q/(aq)
2./a(l —q)(1 — /(aq))(1 + /a) 1 Plﬂ?q '/a, A% Vv

([3/2 e (2.26)

re involve terminating series on
ce the transformations in which
he following result.

The transformations investigated he
both sides. From the above results we can dedu.
both the series on the right are truncated. We sight t

If we let a — p1p2 in (2.3), we get

- - . N+7
9p1.9P2AN " p1p2,av/(p1p2), —av/(p1p2), P1 P24 - N.g;—q" +2 }
qp1P2,9; q;\fﬁ > 1 V(p1p2), =/ (p1P2),9P1, P2, 01 p2q"

1
=1—-—\/(Plﬁ2)0¢2rp1,pg,—q 2:q;q 1

2 ULV ep2a), =V (p1p2), |
1=Vipps) [ pp—q 2q5g (2.27)
- 302 . -

2 L =V{(pp2a), v/ (p1p2 |,
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