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1. Introduction

Continued fraction representations for the ratio of two hypergeometric func-
tions occupy prominent place in Ramanujan’s contribution to mathematics. In an
attempt to prove as well as generalize these results several mathematicians, namely,
Bhagirathi [1,2], Bhargava and others [3-5], Denis [6-10] and Singh [14-17] estab-
lished a large number of results which provide continued fraction representation
for the ratio of two 27 and 3¢5 of which the former involve general arguments
while the later involve constant arguments. There are some scattered results (cf.
Denis[10-12]involving bi-basic series with base ¢ and ¢*> with general arguments
which have their continued fraction representations.

Recently, Denis, Singh and Singh [12] established certain continued fraction
representations for the ratio of ,11¢° (3 < r < 7). In the same communication
they expressed the ratio of multiple series in terms of continued fraction. In another
publication Denis and Singh [11] succeeded in representing siy1¢s: in terms of k™
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(k € N) power of a continued fraction. All the above transformations have been
possible with the help of transformation of basic hypergeometric functions.

In a recent communication Denis et. al [13] gave continued fraction representa-
tion for a poly-basic series with four independent bases and pointed out that the
same result can be extended to one having any finite number of parameters, each
on independent base.

In the present paper we establish certain continued fraction representation for
the ratio of two poly-basic hypergeometric series with finite number of indepen-
dent un-connected bases. In the sequel we shall establish a continued fraction
representation for a poly-basic hypergeometric series and deduce a continued frac-
tion representation for a well-poised basic bi-lateral hypergeometric function from
this result.

Let us recall the preliminary we shall need in our analysis.

For |¢| < 1 and a, real or complex we write

1-a)1—-aq)(l—a¢?)..(1—ag"™), n>1

1, n=>0
Also,
[[lesql =] ]lo) = lim [a]. = [J(1 — aq™)

Now, we define a basic hypergeometric function (series),
4 (ar);q;2 | _ 4 a1, A9, ..., 0p; ¢ 2
L)t | T bbb g
_ i [al}n[aﬂnm[GT]nznqAn(n_l)/Q
[Q7Q]n[bl]n[b2]n[bs]n ’

which converges for all |z| < co when A > 0 and for |¢| < 1 when A > 0.
We defines a basic bilateral hypergeometric function,

(ar);q;2 | _ a1, 2, ey Qr; @5 2
rwr |: (br)7 a Twr blabZa 7br

n

(1.2)

[a1]n[az)n---[ar]nz
2 [b1]n[bo]n---[br]n
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valid for |byby...b./ajas...a,| < |z] < 1.
We shall define a poly-basic hypergeometric function as,

Q1P c APy - e g Py 2 L [a1; pilnlag; paln---[ar; prln2"
_ , 1.3
¢ b1§(l1 : 52;(12 et bs;QS :| % [bl,ql]n[bz,QQ]n[bs,qS]n ( )

where p;(¢ = 1,2,...,r) and ¢;(j = 1,2,...,s) are bases of the parametres a;(i =
1,2,...,r)and b;(j = 1,2, ..., s), respectively, and |z| < 1.
An expressioon of the type

ap Gz Gz Gn

et S . S
O bt bt b,

is said to be a terminating continued fraction. It is said to be infinite continued
fraction when n — ooc.

2. Main Result
In this section we shall establish our main result. First we prove the following
relation,

Fl(a), (bs); 2] = Cl(a,), (bs)|F'[(arpr), (bsgs); 2] — Hm[(ar), (bs)] (2.1)

where,
(1—a1)(1—az)...(1—a,)z
C r)s bs -
[(ar), (bs)] (1—b1)(1 — by)...(1 — by)
[al;pl]erl[a’2;p2]m+1-~-[ar;pr]m+lzm+1
Hm Qr), bs = 1
[( ) ( )] [bl;Q1]m+1[b2QQ2]m+1-~[bs; Qs]m+1
and
T [ar; palnlag; poln-.-[ar; prln2"
F
[ nz b17q1 527612]71-'-[55; qs]n
To prove (2.1) let us consider,
Fl(a), (bs): 2] — Cl(an), (b)]F[(arpr), (begs): Z [a1; p1]nlaz; po]n--[ar; Prlnz

blv‘]l b27Q2]n-'-[bs;QS]n

n=

. (1—a)(1—ay).(1—a,)z - la1p1; pi]nlazpe; poln.--[arpr; Pl 2"
(1 - bl)(l - bz)"'(l - bs) 8 ; [51Qq§ C]l]n[bQCh; 92]71---[55%; C]s]n

m

Z [a1; pr]nlaz; paln---[ar; prlnz" _ i [ar; prlnsafaz; polsr-[ar; prlnga 2™
1015 q1]n[b2; @2]n-- [bs; Gs)n 615 1 ]nt1[02; @2l nt1---[0s5 @s)nta
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1

i ai, pl a2 p2 ar pr nz mz

- [b1; q1]n[02; Q2] [bs; Gs]n 0

ay; p1 n+1 GQ pQ]n+1 [ar pr]n+12n+1

bl q1 n+1[b2 Q2]n+1 [bs§Qs]n+1

[a1; P1lm+1[a2; p2lmtr-[ar; Prlmgr 2™

[51, Q1]m+1[b2, Q2]m+1 [ s5 qs]m+1

a1; pilmt1[az; palmt1---[ar; prlms12
015 @1]m-+1(023 g2l mt1--[bs; Gs)im+1
after some simplification. This proves (2.1).
Now, replacing aq, as, ..., a, and by, bo, ..., bs by aip1, asps, ..., a,p, and biq1,b2qo,
..., bsqs, respectively, in(2.1), we get

Fl(arpy), (bsgs); 2] = Cl(arpy), (bsqs)|F[(arp}), (bsq2); 2] — Hm[(arpr), (bsgs)]. (2:2)

Now, (2.1) and (2.2) lead to
Hp[(arpr), (bsgs)1F[(ar), (bs); 2] = {Hp[(ar), (bs)] + Hum[(arpr), (bsq5)|Cl(ar), (bs)]}
X Fl(arpr), (bs4s); 2] = Hml[(ar), (05)]C(arpr), (bsgs) | Fl(arp?), (bsg2); 2], (2.3)

which, in turn leads to

Fl(ay), (bs); 2]
F[(arp,n), (bs(Js); Z]

where

Anl(ar), (bs)] = {Hm[(ar), (bs)] + Hin[(arpr), (bsqs)]Cl(ar), (0s)]} / Him[(arpy), (bsgs)]

and

m+1
o |

= Anllen) O = B ge)s 1/ Fllans), o 2]

B[(ar), (bs)] = {Hm[(ar), (0s)]C[(arpr), (bsqs)]} / Hm[(arpr), (bsgs)]-

Repeated application of (2.4) yields,

F(ar), (bs); 2] By [(a,), (bs)]
Fl(arpr), (bsqs); 2] ml(arpr); (bsqs)]—

Bm[(arpr) ( qu)] Bm[(arpg)’ (bSQE)]
Aml(arp?), (0sq?)] = Am[(arp}), (bsq?)] —
Also, from (2.1) we have

= Am[(ar)7 (bs)] - A
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Cllar), (bs) Hm[(ar), (bs)]
—Cl(ar), (bs)] + Fl(ar), (bs); 2]/ Fl(arpr), (bsqs); ]
Now, letting m — oo in (2.5) we have, after some simplification

(1= 01)(1 = by)ern(1 — by)x

Y Alars palulas; polue--[ar prlnz" /b1 @il [ba; ol [bs; 4s]n}

n=0

Z {[a1p1; prlnlaspa; poln---arpr; prlnz" (01015 @1l [b2g2; Goln---[bsGs; Gl }
n=0

=(1=0)(1=0bg)...(1 = bs) + (1 —a1)(1 —az)...(1 — a,)z—
B (1 —a1p1)(1 —agpz)...(1 — app,) (1 —by)(1 = b)...(1 — by)z
(1= brgr) (1 = bago)...(1 = bsgs) + (1 — arp1)(1 — azp2)...(1 — a,pr)2—

(1 —a1p?)(1 — agp3)...(1 — a,p2) (1 — biq1) (1 — baga)...(1 — byqs) 2
(1= bigi)(1 = b2g3)...(1 = bsg?) + (1 — arp?)(1 — azp3)...(1 — a,p?)z—
(1 —aip))(d = agp3)-(1 = a;pp) (1 = bagi) (1 — bag3)...(1 — bsq2)2
(1 =01¢7)(1 = bag3)...(1 = byq?) + (1 — arp?)(1 — agp3)...(1 — a,p})z—

(1= aipi)(1 = agpy)--(1 = arpp) (1 = b1gi) (1 = bag3)...(1 — bsq?)2

A= 0ra) (1 = bagd) (L= b + (1 —apD (1 —aaph) (L —aph)z — o 20

This is the continued fraction representation for the ratio of two poly-basic hyper-
geometric series whose each parameter is on an independent un-connected base.
With m — oo in (2.6) and using (2.7), we get the following continued fraction

representation of a poly-basic hypergeometric series, as pointed out by Denis et. al
[14],
[e.e]

lav; p1lnlag; paln--[ar; Drln 2"
Z b1 Q1 b2,Q2] [bs;QS]n
(1—a1)(1 —ag)...(1—ap)z
B B o (1 —apy)...(1 — appr)(1 = by)...(1 — bs)z
=)W= 0 (=0 = G o = b + (L= arpi) 0 — ap)?
(1 —a1p?)(1 — agp3)...(1 — a;p?) (1 — byqr) (1 — bago)...(1 — bsqs)z
—(1 = bigf)(1 = b2g3)...(1 = bsq2) + (1 — a1pf)(1 — azp3)...(1 — arp)2—
(1 —ap?)(d = azp3)--.(1 — a;p}) (1 = big}) (1 — b2g3)---(1 — bsq2)2
—(1 = b1g?)(1 = bag3)...(1 = bygd) + (1 — arpi)(1 — azp3)...(1 — arpd)z—

n=

=1+
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(1 —ayp})(1 = agp3)...(1 — a,p2) (1 — b)) (1 — bagd)...(1 — byq?) 2
—(1 = b1g})(1 — b2g3)...(1 — bsg?) + (1 — a1p}) (1 — azp3)...(1 — a,pt)z — ...
This is the continued fraction representation for a poly-basic hypergeometric series
whose parameters are on un-connected bases.
Next, we establish the following the following continued fraction representation
for a well-poised basic bi-lateral series,

(2.8)

(a)); q; V% Jayas...a B 00 [(ar)]n gt/
" |- X

q/(ar) ay)|n(arag...ap)”

n=—0oo

(1—a1)(l—az)...(1 —a)(l—q"z

H ; (2.9)
(1—q/a))(1 — q/ay)...(1 — q/a))(1 — q) — Bfil_ 3132_ BgA_S
where
A= (1 —a1¢")(1 —azq")...(1 — a,q") (1 — ¢") (1 — ¢*F?)x
x(1—q"/a1)(1 —¢'/as)...(1 — ¢"/a,)(1 — ¢")(1 — ¢*?)z
and
Bi = (1—q¢™*/a) (1 — ¢ Jag)...(1 — ¢+ Ja) (1 — ¢') (1 — ¢*)+
+(1 = ar1g)(1 = axg")...(1 — g ) (1 = ¢')(1 — ¢**)z,
under suitable convergence conditions.
To prove (2.9), let us take r = s =t + 3 in (2.8) and then set p; = py = ... = py
=Dl = Prr2 = DPis = Q1 = G2 = Gt = Qi1 = G2 = Q3 = q and b; = aq/a;,

(Z = 1727 "7t)7 Q41 = A, Q42 = \/EQ7 apy3 = \/EQ7 bt+1 =q, bt+2 = \/a7 bt+3 = _\/a
and z = ¢*"Y/2/a,a,...q, in, the same equation, we get the left hand side, after
some simplification

N o)l [Vag)a[—v/aglag- "2
Z aq/a1 [aq/ag] [0/ a]n V@l n[—/aln(a1q2-.a0)" (2.10)

Now, letting a — 1 in the above it equals

n:O

[at] q(t 1)n/2 o [at] q(t+1)n/2

1+Z Q/&l Q/a2 g/ adn(aras.. +nz q/a1 q/az [q/al)n(ara...ap)"

1

[at]nq(Hl)n/Z

=1+ Z /CL1 /(12] [q/ai]n(aras...as)™
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(t—1)(—n)/2
atl—p
§ [ t] q

Q/al Q/az] Jg/a] -n(arag...ar)™

n=-—1

=1+ Z [at]nq(

q/a1 q/az g/ adn(aras...a)”

+ Z n--[a)n q!

q/a1 q/az Jlg/adn(aras...a))”

t—1)n/2

t—1)n/2

after some simpliﬁcatlons

gt Dn/2

Z n(aiag...ap)”

n=—0oo

(2.9) is the continued fraction representation for a well poised basic bilateral hy-
pergeometric function.
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